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by 
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and 
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SUMMARY 

Computations a r e  made for the evolution of a population I star of 15.6 solar masses  and an age- 
zero composition of hydrogen concentration x = 0.90, helium concentration Y = 0.08, and the con- 
centration of the remaining elements Z = 0.02, through four phases: (1) hydrogen exhaustion in the 
convective core,  (2) gravitational contraction of the core ,  (3) helium burning, (4a) the onset of 
carbon burning, (4b) the onset of neon burning in the absence of a preceding carbon burning phase. 
This discussion builds upon the model treated by Sakashita, Ono, and Hayashi. It is assumed there  
is no mass  loss  from the s te l lar  surface, no mixing except in the convective core,  and the 
opacity of the star is due entirely to  electron scattering. Radiation pressure is taken fully into 
account. 

The hydrogen exhaustion phase is taken to  begin when Xcore = 0.02. The effective temperature 
increases  slightly for 1.4 x l o 5  years  while hydrogen burning in the core  gradually ceases  to be 
effective. When the energy sources which a r e  due to gravitational contraction and hydrogen burning 
in a thin shell  at the core  boundary become important (simultaneously), the envelope begins to  ex- 
pand rapidly. 

The t ime spent in helium burning, 1.2 x lo6  years ,  is about 1/14 of that spent in hydrogen burn- 
ing. Helium burning accounts for the early-type supergiant branch of luminous galactic c lusters  
such as h and x Persei .  

Preliminary resul ts  have been obtained for the onsets of the carbon and neon burning phases. 
The very large s te l lar  radii  obtainedwill be reduced considerably when the surface convection zone 
has  been taken into account. However, the quantities which characterize the inner structure will not 
differ significantly f rom those given here. 

Carbon and neon burning and more advanced phases, which have a total lifetime of the order  of 
Perse i  and s imilar  clusters. I O 6  years ,  probably account for  the M-type supergiant branch of h and 
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INTRODUCTION 

The Hertzsprung-Russell (H-R) diagram of highly luminous galactic clusters, such as 
h and x Persei, exhibits a wide Hertzsprung gap between early- and late-type supergiants. 
For clusters whose brightest stars a r e  less luminous, the gap is narrower; it finally dis- 
appears in a cluster having a brightness equal to or  less than that of the cluster M67. 
Cepheid variables are found in this gap, but their internal structure, their energy sources, 
and the cause of their pulsation are not well known. In a star's lifetime many kinds of nu- 
c lear  reactions, beginning with hydrogen burning and ending with the formation of iron nu- 
clei, are expected to occur successively in its central regions (Reference 3). Most of the 
late-type giants in M67 are s t i l l  in the hydrogen burning phase (Reference 4), but there 
seems to exist a conspicuously different situation in the evolution of massive stars - for  
example, those in h and x Persei. 

In order to interpret the H-R diagram of luminous clusters, we wi l l  examine a popu- 
lation I star of mass  M equal to 15.6 times the solar mass  ( M ~ )  and an age-zero composition 
of hydrogen concentration X = 0.90, helium concentration Y = 0.08, and the concentration of 
the remaining elements z = 0.02. We shall choose this composition as representative of 
massive stars, and consider the evolutionary progress of this model, f rom hydrogen ex- 
haustion in the core  through the onset of carbon burning, in detail. Additionally, we shall 
study a special case, the onset of neon burning in the absence of a preceding carbon burning 
phase. 

*This is the third part of a series. (The first two pans  are l isted in References 1 and 2.) A similar arcide by these two 
authors appears kt the Astropbys J., VoI. 136 No. 1, July 1962.' 

?The main part of the research for this paper was conducted while Dr-Hayashi was  associated with GoddardSpace Flight 
Center a s  a recipient of the National Academy of Sciences-NationaIResearch Council Post -Docrod  Resident Research 
Associateship. However, he  also wrote part of the report after he retnrned to the Department of NucIeatScience a t  Kyoto 
University. 
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The following assumptions will be made: (1) There is no outflow of matter from the 
stellar surface; (2) there is no mixing of chemical components except in the convective 
core; (3) the star's opacity is due to electron scattering alone; and (4) the inclusion of the 
surface convection zone is not necessary. Assumption 3, which simplifies the computa- 
tions considerably, is valid except for a shallow surface region. Assumption 4 leads to 
spurious values for the stellar radius in the carbon and neon burning phases; otherwise it 
is sufficiently valid. 

A considerable amount of research has been conducted concerning the evolution of mas- 
sive stars in their hydrogen burning phase (References 1 and 5-10). The present report is an 
extension of the work of Sakashita, Ono, and Hayashi (Reference l ) ,  who computed a sequence 
of five hydrogen burning stages in which the central hydrogen content of the star in question 
was depleted from 0.90 to 0.06. This paper discusses four evolutionary phases: 

Hydrogen exhaustion-This phase is taken to begin when Xcore = 0.02. As hydrogen 
is consumed in the core,  the mass of the convective region continues to decrease and en- 
ergy generation in the core which is due to hydrogen burning is gradually replaced by grav- 
itational energy production. At the same time, an energy source which is due to hydrogen 
burning in a thin shell a t  the core boundary becomes increasingly important. This phase 
terminates when central hydrogen burning becomes negligible. 

Gravitational contraction - In this phase more gravitational energy is released, pre- 
dominantly in the dehydrogenized core. The amount of hydrogen depletion in the aforemen- 
tioned shell source is small, because of the very short time scale of this phase. Eventually 
the central temperature becomes sufficiently high for helium burning to occur. The gravi- 
tational contraction phase ends when the energy generation which is due to helium burning 
becomes comparable to that which is due to the gravitational contraction. 

Helium burning- In this phase there a r e  two nuclear energy sources: helium burning 
at the center and continued hydrogen burning in a shell at the boundary of the dehydrogen- 
ized region. The stellar structure is illustrated in Figure 1. In this paper the work of 
Hayashi, Jugaku, and Nishida (Reference 2) on helium burning is reconsidered and ex- 
tended by taking into account the change of mean molecular weight CL in the convective 
core which is due to the conversion of helium into carbon. We find higher central tem- 
peratures for  the later stages of helium burning, and when Ycore = 0.35 there is a rever- 
sal of direction of the evolutionary track in the H-R diagram from left to right (Figure 2, 
point e). 

Carbon and neon burning- Omitting the short-lived gravitational contraction phase fol- 
lowing helium exhaustion in the core, we will  consider the hypothetical onset of pure carbon 
burning, and of pure neon burning in the absence of a preceding carbon burning phase. In 
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Figure 1 - Evolution of a star of mass M = 15.6 M,, during hydrogen burning 
(Reference 1 )  and helium burning. The radiative zone retaining the in i t ia l  com- 
position extends to q = 1 .  

these cases, either carbon or neon is burning in the central region. There are ,  from the 
center outward, a radiative carbon (or neon) zone, a helium burning shell, a radiative he- 
lium zone, a hydrogen burning shell, an inhomogeneous radiative zone, and a radiative zone 
retaining the age-zero composition. Only preliminary results have been obtained from 
studies of this phase. Very large stellar radii were derived, indicating the existence of a 
surface convection zone, as would be anticipated. This zone is not expected to appreciably 
affect the quantitative results obtained for the inner structure. 

For computational purposes the star has been divided into two regions: an envelope, 
which is always in radiative equilibrium, and a core. Each of these two may consist of 
more than one well-defined zone. Solutions for both regions were computed on an IBM 704 
o r  IBM 7090 electronic computer. Fitting of the solutions was accomplished by using a 
desk computer. The positions of the interfaces were chosen as follows: (1) at q = 0.298 in 
the hydrogen-exhaustion phase; (2) a t  the hydrogen burning shell in the gravitational con- 
traction phase; (3) at the edge of the convective core in the helium burning phase; and (4) at 
the helium burning shell in the carbon and neon burning phases. 
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Figure 2 - The evolutionary track of a star of mass M = 15.6 M, with age-zero composition X e  = 0.90, Ye = 0.08, where e indicates the outer 
envelope, and X,,, = 0.02/3, superimposed on the color-magnitude diagram of the brightest stars of h and Persei (cf. Figure 6). X,,, in- 
dicates the concentration of carbon, nitrogen, and oxygen. Segments of the track corresponding to successive evolutionary phases are identified 
as follows: a-b, hydrogen burning (Reference 1); b-c, hydrogen exhaustion (Figure 7); c-d, gravitational contraction; and d-g, helium burning. 
The evolutionary time scale derived for segments b-d and f-g i s  short in comparison to that of the rest of the track. Point d corresponds to the 
onset of helium burning in the gravitational contraction phase (Table 2 footnote); points e, f, and g correspond to stages 4, 6, and 7 of Table 3, 
respectively. The onset of carbon burning cannot be shown because of the uncertainty in the stellar radius during that phase. Circles represent 
stars within 23' of arc of either nucleus (cluster separation i s  about 25' of arc); triangles include stars out to 4pO. Within the specified angular 
distances the stars plotted represent, in general, on!y a sampling (but see section entitled "Discussion", page 30). The suggestion of a gap in  
both coordinates, which appears in this diagram, between the upper main-sequence stars and the early supergiant branch, i s  to be expected, 
according to our results. The clusters NGC 330and NGC 458 in the Small Magellanic Cloud show the gap more clearly(References 1 1  and 12). 
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DEFINITIONS AND BASIC EQUATIONS 

The structural subscripts used in this report include: e to indicate the outer envelope 
with age-zero composition, b its lower boundary, 1 the hydrogen burning shell, 2 the 
helium burning shell, f the interface between the radiative region and the convective core, 
and c the center. The letter e o r  i is added to 1, 2, or  f to indicate the external or in- 
ternal side of an interface, if  it is necessary to indicate this. We distinguish between 
log x log, ,, x and In x log, x . In general the values of Chandrasekhar (Reference 13, 
Appendix I) are used for  the solar mass,  radius, and luminosity (but see the first footnote 
in Table 3). 

The outer envelope of the star is assumed to retain its age-zero composition, 

Xe = 0 .90 ,  Ye = 0.08 ,  Z e  = 0 . 0 2 ,  X,,, = 0 . 0 2 / 3  ( p e  = 0 . 5 3 5 )  , (1) 

where g is the mean molecular weight. This may not hold true,  however, for the young 
population I stars of our galaxy. Therefore, computations were repeated for the gravita- 
tional contraction phase, for a larger value of the helium content (Xe = 0.61, Ye = 0.37, 
and Z e = 0.02, corresponding to a model in which M = 10.1 Ma), to determine the effect 
of chemical composition on the evolution. 

Electron degeneracy has been neglected in computations for all phases. Therefore, 
the absorption coefficient is assumed to depend on electron scattering alone: 

For  s t a r s  of 15.6 solar masses,  this approximation is reasonably accurate except in the 
stages when there is a low surface temperature (carbon and neon burning); then the effect 
of the outer convection zone may not be neglected, strictly speaking. 

The rate of energy generation per  gram which is due to the CNO cycle, which replaces 
the CN cycle at temperatures exceeding 3 x l o 7  O K ,  is given by Fowler (Reference 14): 

E A  = 1.73  1027 xCN,xpT7 _- exp (- 70.9T7 4) (3) 

where p is the density. In this and succeeding equations a numerical subscript n following 
T indicates T x IO-" OK. Equation 3 was used for  the hydrogen exhaustion phase, in which 
hydrogen burning occurs both in the central region and in an outer shell. In other phases 
the following approximation was used: 

where 

E; = 3.14  x l o 7 ,  To = 4 x lo7 O K ,  and s = 14.2  . (5) 



6 

The rate of energy generation during helium burning (3He4+ C lZ), based on the data 
3f Salpeter (Reference 15), is 

where 

43.20 x 10" 
TO - 3 ,  s -  

7 

and, in this case, To is arbitrarily chosen so that T/To : 1. Recent experimental data 
suggest that the true value of may actually be smaller by a factor of 2. 

As the concentration of carbon increases, the contributions from the reactions 
C l 2 ( a , y )  0 I 6  and 016(a,y) NeZo to energy generation become more important. This point 
will be discussed in a later section ("The Helium Burning Phase," page 23). Energy gen- 
eration which is due to C 13(a,n)0 6 ,  and the subsequent neutron capture, may be neglected 
since C 13, which is produced in the CNO cycle, can only supply stellar energy for less 
than 2000 years. 

Nuclear reactions and the resulting energy generation involving the products of helium 
burning, viz., carbon, oxygen, and neon, were studied by Hayashi, et al. (Reference IS), 
and by Reeves and Salpeter (Reference 17). The f i rs t  reactions occur at about 8 x l o 8  " K  

( 8) 

C'z(C'z,p)Na23, Q = 2.2 MeV, 

C'z(C'2,a)NeZo, 0 = 4.6 Mev , 

where 0 is the reaction energy. Hydrogen and helium are immediately captured by ~ 1 2 ,  

d6, or NeZo. The total energy release from each C-C reaction i s  about 13 MeV. 

The next reaction, which occurs at about 1.1 x l o 9  OK, is the endothermic photodis- 
sociation of N e Z o ,  which is followed by exothermic alpha capture by NeZo, Mgz4, etc.: 

(9) 

Nezo(y,a)0'6, Q = -4.8Mev , 

Nez0(a,y)Mgz4, Q = 9.3 Mev . 

":I -..- .. .. . . . . . 
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The rates of energy generation which are due to the carbon and neon burning reactions, 
computed by Hayashi, et al. (Reference 16), are 

eNe  = 6 .0  x 103XNeT965.2 

The above value of eC lies near the mean of the upper andlower values estimatedby Reeves 
and Salpeter (Reference 17), whereas the value of e N e  is larger than their upper value by 
a factor of 100. This difference is due to their smaller value for the nuclear radius and 
larger value for the alpha particle width. 
rate of Nezo(y,a)O 

Such an uncertainty in regard to the reaction 
seems to be unavoidable at present. 

Finally, energy release which is due to gravitational contraction, including the effect 
of radiation pressure is expressed, in general, as 

/ \ 

where 

H is the mass of a proton, and the time derivative is taken for a given mass element. 
is the gas pressure and pr is the radiation pressure.  The total pressure P is equal to 
P, +Pg, and P = P P. 

theses in Equation 1 2  is independent of position, and is a function only of time. 

Pg 

In the case of the convective core, the f i rs t  term inside the paren- 4 
The basic equations for quasi equilibrium of the stellar interior are 

where r is the radius of the spherical part under consideration, M(  r ) is its mass, and G is the 
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universal gravitational constant. The quantity (n + 1) is the larger of a radiative value 
(n f lIrad and a convective value ( n  which are defined by 

where L( r 1 is the energy production of the sphere in ergs/sec and c is the velocity of light. 

In the radiative envelope, i f  we use the nondimensional variables defined by 

where R i s  the s tar ' s  radius and L is i ts  energy production, the basic equations may be 
written as 

where 

1 =  and - 
P 2X f 0.75  f 0.562 ; (18) 

In Equations 19, a is the radiation density constant. The envelope solutions a r e  specified 
by one parameter, C, if the variations of X and w as functions of q a r e  given. For the initial 
distribution of X(q)we use the result given in Reference 1. We assume that x and w a r e  
discontinuous at the hydrogen burning shell in all phases except that of hydrogen exhaus- 
tion. The envelope solutions a re  determined by three parameters, C ,  q,, and w l i ,  where 
the subscript 1 refers to the hydrogen burning shell and the subscript i to the internal side 
of the interface there. 

In te rms  of new variables, 
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where 

and subscript c refers  to the center of the s ta r ,  the equations of the convective core a r e  
expressed as 

The solutions a r e  specified by the parameter Y, = (1 - P, ) /p , .  An extensive table of the 
necessary quantities corresponding to 21  values of y, = 0.0(0.025)0.5 was computed for 
the convective core solutions of the helium burning, carbon burning and neon burning phases 
and used in the present calculations. Note that the mathematical core solution for carbon and 
neon burning involves also the solutions for the radiative carbon zone (attached to the con- 
vective core with constant L( r ) ), which a r e  determined by specifying another parameter, 
such as $f, where f indicates the interface between the radiative region and the convective 
core. 

THE HYDROGEN EXHAUSTION PHASE 

The hydrogen distribution in the last stage discussed in Reference 1 is given by the 
formulas 

X ( q )  = 0.90  ( 1  2 q 2 0 . 4 1 5 )  , 

= - 0.683 + 4.843 q - 2 . 4 8  qz ( 0 . 4 1 5  2 q 2 0.168)  , 

= 0.062 (0 .168  Z q 2 0) - 

These values were adopted for the initial composition of the hydrogen exhaustion phase. 

As hydrogen is consumed in this phase, the convective core shrinks and, as would be 

the central peak of hydrogen burning becomes lower, another peak of 
expected, complicated changes occur in the distribution of the energy sources (and also the 
hydrogen content); 
hydrogen burning in an outer shell becomes higher, and at the same time a broad source 
of gravitational energy becomes more intense. 
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In order to produce an evolutionary sequence of stages in the model, the hydrogen 
content in the center, xc, was varied. For each of the seven stages computed, the enve- 
lope solutions -which have a fixed distribution of composition X(q) given by Equation 23 - 
were fitted to the core solutions, a t  a fixed value of q ,  viz., q* = 0.298. At greater values 
of q the energy sources a r e  certainly negligible. The envelope solutions a r e  specified by 
the parameter C alone. With q as the independent variable, core solutions in each stage 
were computed from the center out to q*, at  intervals of @ = 0.001, by considering p, and 
T, as parameters,  x(q) and q ,  of the previous stage being known. The details of these 
computations a re  described below. Quantities computed in the immediately previous stage 
will be designated by a superscript (0 ) . 

The change of hydrogen content as a function of q and t is given by 

rqf 

in the radiative region 
ergs/gm is the energy 
helium and f indicates 

and in the convective core, respectively, where E, = 6.0 x 1 O I 8  
release which is due to the conversion of one gram of hydrogen into 
the interface between the radiative region and the convective core. 

If eH, given by Equation 3, is expressed by 

since the change of a with time is much smaller than the changes of qf and A, the change 
of X(q) between the two stages considered may be written approximately, by using Equa- 
tions 24, as 

~- 'Inx AI- - - a (q >q$o)) , 

where 

[ A ( " )  + A]  At. , 
AI- = 
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and 

The quantity w is assumed to vary linearly with q. 

The gravitational energy for this phase (see Equation 12)  is expressed in  the form 

E =  

The values of the three arbitrary parameters a o ,  a l ,  and a 2  in the present stage a r e  
found in a first  approximation by extrapolation from previous stages. 

Equations 14, together with Equation 26 and 

a r e  integrated from the center for input values of P,, T,, Xc ,a,, , al , a2, q,( O )  , A ( ' ) ,  and 
hydrogen distribution X ( O )  ( q i ) ,  where qi  takes values from 0.002 to q* with Oq = 0.001. 
The envelope is fitted to the core at  
tinuous at this point. U and V a r e  defined by 

= q* with the condition that U ,  V, and L ( r )  a r e  con- 

d logM(r) d 1 q g p  . 
d l o g r  u =  d l o g r  and V = - 

Thus, all the physical quantities including q,  and X (qi) a r e  determined. We  then compute 
E ,  from Equation 1 2  and find improved values of ao, al, and a 2  which give the best fit. 
The integrations a r e  repeated with the new values but, a t  most, only a second approxima- 
tion is required. 

The final results of the computations a r e  given in Table 1, where L, andLg a r e  the 
energy production, in ergs/sec, which are due to hydrogen burning and gravitational con- 
traction, respectively. The distribution of the energy sources is shown in Figure 3; that 
of the hydrogen content in Figure 4. The depletion of hydrogen in the radiative region is 
very small, because of the short  time scale of the present phase. The evolutionary tracks 
in the H-R and Tc-p, diagrams a r e  shown in Figures 5, 6, and 7. 
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Table 1 

Evolutionary Stages of a Star of Mass M = 15.6 M, 
in the Hydrogen Exhaustion Phase 

1 

-3.009 

-1.699 

0.222 

7.653 

1.102 

0.158 

0.99 

0.01 

0.00 

0.961 

4.550 

4.419 

0.000 

~ 

2 

-3.005 

-2.199 

0.225 

7.683 
1.195 

0.154 

0.97 

0.02 

0.01 

0.947 

4.554 

4.428 
0.940 

(p',2M/Mo = 4.468) 

Values at Stage! 
3 

-3.002 

-2.699 

0.224 

7.713 
1.288 

0.148 

0.91 

0.06 

0.03 

0.928 

4.557 

4.437 
1.235 

4 
-2.995 

-3.199 

0.218 

7.737 

1.379 

0.127 

0.73 
0.14 

0.13 

0.917 

4.564 

4.445 

1.332 

.-7 
5 

-2.989 

-4.000 

0.205 

7.757 

1.473 

0.081 

0.24 

0.29 

0.47 

0.916 

4.570 
4.447 

1.359 

6 

-2.985 

-4.500 

0.197 

7.762 

1.510 

0.051 

0.09 

0.35 

0.56 

0.923 

4.574 

4.445 

1.362 

7 

-2.984 

-5.000 

0.192 

7.764 
1.526 

0.028 

0.05 

0.38 

0.57 

0.925 

4.575 

4.444 

1.363 

Figure 3 - Distribution of the 
rateofenergy generation for 
a star of mass M = 15.6 M, 
and pe = 0.535, in  the hy- 
drogen exhaustion p ha  s e 
(X,,,, 5 0.02). S o l i d  
curves give log E (shell 
source plus gravitational en- 
ergy); dashed curves log e g  
(g r a v i t a t i  o n  a I energy). 
Numbers on the curves re- 
fer to the stages of Table 1 .  
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Figure 4 - Hydrogen distribution X(q) in  the region of the convective core, during the hydrogen ex- 
haustion and gravitational contraction phases for a star of mass M = 15.6Moand ,ue = 0.535. Solid 
curves refer to the early and f inal stages of hydrogen exhaustion (Stage 4 i n  Reference 1 and Stage 7 i n  
Table 1 of the present report, respectively). The numbers 1-4 on the curves refer to intermediate stages 
(Table 1 ) .  Points indicate the boundaries of the convective cores. The dashed curves A and B give the 
distributions assumed in cases 1 and 2 (Table 2), respectively, of the subsequent gravitational contrac- 
t ion phase (cf. Figure 8). Note that the l ine X = 0 does not coincide with the lower edge of the figure. 
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Figure 5 - Evolutionarytrack of a star 
of mass M = 15.6 M, and p. = 0.535, 
i n  the hydrogen exhaustion phase. 
Numbers beside the points give the 
hydrogen content i n  the core. 
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Figure 6 - Evolutionary tracks in the H-R diagram for stars of mass 
M = 15.6 M, with pe = 0.535 and M = 10.1 Mo with pe = 0.663. In 
both cases XCNo = 0.02/3 and p: M/M, ~ 4 . 4 6 8 .  Evolutionary phases 
for M = 15.6 M, associated with the various segments are as follows: 
a-b, hydrogen burning (Reference 1); b-c, hydrogen exhaustion; d-e, 
and d-e2, gravitational contraction up to the onset of helium burning, 
with q ,  = 0.153 (Case 1 i n  Table 2) and q ,  = 0.173 (Case 2 in Table 2), 
respectively; and f-9, helium burning. The segment d'-e' represents the 
gravitational contraction phase for M ~ 1 0 . 1  M, (Case 1 '  i n  Table 2). 



15 

Figure 7 - Variation of central 
density pc with centra I tempera- 
ture T, for stars of M = 15.6 Ma 
and M = 10.1 M,. Letters on the 
curves have the same meaning as 
in  Figure 6. The letter "h" refers 
to the onset of carbon burning. 
Values of $ on the broken curves 
indicate the degree of degeneracy 
(see, for example, Reference 1 1 ) .  
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In the early stages, whenLg and LH, s h e l l  a r e  small, asx, decreases from 0.02, the 
central temperature increases, thus maintaining the value of LH, co r e ;  but the change of pc 

is small, so the s ta r  contracts as a whole and moves to the left in the H-R diagram. When 
X, 2 the temperature has become high enough for hydrogen burning to commence in 
an  outer shell, and the envelope begins to expand as shown by the right turn in the evolu- 
tionary track (Figure 5; and Figure 2, point c). 

THE GRAVITATIONAL CONTRACTION PHASE 

(WITH OUTER SHELL SOURCE] 

The extension of the foregoing computations through the gravitational contraction phase 
requires many steps, since the changes in log Tc and log p, a r e  quite large even though the 
time scale is rather short. Results from the preceding section show that, in the present 
phase: (1) hydrogen burning in the central region can be neglected; (2) the depletion of hy- 
drogen in the shell will be small; (3) 
(4) the solutions regarding the rate of core contraction, and hence the gravitational energy 
released, will be very sensitive to the assumed input value of c g ,  in the following sense. 

is comparatively uniform inside the shell; and 
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For a given stage, an input value of e g  that is somewhat smaller  (or larger) than the 
t rue value leads to a high (or low) value for the rate  of contraction, which implies a value 
of e g  for the next iteration that is considerably higher (or lower) than the input value. This 
consideration leads to the simplifying assumptions that X ( q  1 is independent of time, and 
that ( q ,  t ) is independent of q ,  as is also assumed by Sandage and Schwarzschild (Refer- 
ence 18). These assumptions make it possible to compute the whole sequence of evolu- 
tionary stages without taking time explicitly into account. Time intervals between stages 
a r e  computed from Equation 12 after the stellar structure and the values of e g  a r e  known 
for  all stages. 

The expression adopted for X ( q )  is (cf. Equation 23) 

X ( q )  = - 0.683 + 4.843 q - 2.48 q2 (0.415 2 q > 4,) , 

= o  (ql > q z 0 )  3 

and computations will be made for two cases: 

Case 1: q, = 0.153, withX(q) continuous at  q , ;  

Case 2: q, = 0.173, with an abrupt change of X a t  q, 

The objective here is to find the effect of hydrogen depletion. The value of X ( q )  for the two 
cases is plotted in Figure 4, which shows that the difference between Case 1 and the last 
stage of the hydrogen exhaustion phase is very small  (see also Figure 8). The effect of 
small  changes in X ( q )  on the solution of the basic equations, through i ts  effect on p and K ,  

is not large i f  the magnitude of X itself is small; but it is important in regard to energy 
generation in the shell, which is directly proportional to X. 

The point q, is taken to indicate the location of the interface between the core (with a 
uniform energy source) and the envelope (with a shell source). The shell source is assumed 
to be thin, and its total energy generation is computed in the following way. In case 1 and 
in the neighborhood of q, , we have the approximate relations 

X = a(q  - ql)  ( a  = 4.04) , (33) 

and 

I 



Figure 8 - Hydrogen can- 
tent X as a function of the 
mass fraction q for a star 
of mass M = 15.6 M, and 
,ue = 0.535 i n  the gravita- 
t ional  contraction and sub- 
sequent h e I i u m burning 
phases (cf. Figure 4). The 
solid curve gives the hydro- 
gen distribution for Stage 1 
of Table 3 (helium burning). 
The distribution i s  given for 
Stage 7 (helium nearly ex- 
hausted in the core) by the 
dashed curve and points to 
the right of point a .  The 
two extensions of the solid 
curve to q1 = 0.153 and 
q = 0.173 give the distri- 
bution assumed in  Cases 1 
and2,respectively (Table 2), 
of  the gravitational con- 
traction phase. 

where 

Then E , ,  defined by Equation 
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is integrated to give 

The validity of these approximations has been verified for the last stage of the hydrogen 
exhaustion phase by means of a comparison with the more accurate machine computations. 
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The core solutions, including the effect of radiation pressure,  a r e  taken from Table 12  
of Harm and Schwarzschild (Reference 19) with a change of scale as shown below. 

Since K E ~  is constant, 

If we define 

T = TcO, pK = P g , c ~ ,  M(rl = Mo@, and r = roc  , 

with 

the core equations a r e  

which a re  the equations solved by Sandage and Schwarzschild (Reference 18) for the case 
where radiation pressure is negligible. 

The homology invariant functions defined by Equations 14 and 31 a re  given by 
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The reduction factor p/( 1 -B) is expressed by using the integral of Equation 37 and the re- 
lation P = Pg, ,r p ,  as / 

Core solutions are specified by the values C* and P,. For each value of C*, the fit- 
ting of U/P and V/P of the core and envelope solutions determines p, and c, which in turn 
giveL and Lg ( =  h l q l ~ g ) .  Then Equation 36 and L, = L -LE determine TI and the other phys- 
ical quantities. If these solutions are found fo r  a sequence of stages, Equation 12  and then 
Equations 24 can be used to find the time interval and the estimate of hydrogen depletion, 
respectively: 

The results for Cases 1 and 2 a r e  given in Table 2, and the evolutionary changes in the 
H-R, T,-P,, T,-T,, and color-magnitude (C-M) diagrams are illustrated in Figures 6, 7, 9, 
and 2, respectively. The difference between Cases 1 and 2 is found to be small, showing 
that results in this phase a r e  not sensitive to the shape of the hydrogen distribution curve. 
The positions of the first stage, in the H-R diagram, a r e  very near to those of the last 
stage of hydrogen exhaustion, but the central density is slightly higher. This is explained 
by the assumed uniformity of e g ,  since the central density required to sustain the core for 
a given value of L~ is lower i f  the energy source is more concentrated toward the center. 

The contraction of the core stops when the central temperature becomes so high that 
the energy generation due to helium burning, 

where 

3 (8 - 7P,) 
8 - 3p, - 3p: 

’ n,’ = (45’) 

becomes comparable with the gravitational energy, Lg . Equation 45 may be obtained from 
Equation 6 if  we use a polytropic solution with index n,’ as an approximate solution for the 

I 



0.2459 I 0.2487 I 
0.0582 0.0568 
-2.871 -2.827 

0.2300 
-3.018 
0.1270 

Table 2 f3 
0 

Evolutionary Stages of Stars of M = 15.6 M, and M = 10.1 M, 

in the Gravitational Contraction Phase 

(p: M/M, = 4.468; X,,,, = 0.02/3) 

Values in Stages 1 through 57 

II II 1 Parameter 1 1  M =  15.6 M, Case 1: 9, = 0.153 1 1  M =  15.6 M, Case 2: q, = 0.173 )I M = 10.1 M, Case 1': q, = 0.189 I I ~1 
P- 

C* ~1 0.2300 
Log c 1 1  -2.979 
1 - P, 0.1471 

Log P, 1.611 
Log Tc 7.745 

4 2 2 2 3 

0.2459 
-2.861 
0.0298 
8.156 
3.594 

7.720 
1.202 

-0.599 
0.530 

0.102 
1.349 
4.582 
4.233 

0.2132 
-2.946 
0.0800 
7.805 
2.089 

0.2300 
-2.930 
0.0814 
7.852 
2.222 

0.2300 
-2.909 
0.0307 
7.928 
2.897 

~ 

0.2487 
-2.814 
0.0305 
8.332 
4.111 

7.769 
1.268 

-0.902 
0.583 

0.095 
2.334 
4.629 
3.753 

7.919 8.153 ~ 8.331 7.780 
2.626 3.393 3.928 1.803 

Log r J k ,  -0.238 
Log T, 7.584 
Log P, 0.976 

Log V , t  0.428 
Log u, t 0.211 

-0.399 -0.549 ' -0.699 -0.245 
7.663 7.721 7.771 ' 7.584 
1.081 1.161 1.215 0.905 

-0.167 -0.533 -0.845 0.065 
0.482 0.538 0.588 0.431 

-0.315 
7.626 
1.040 
0.044 
0.450 

-0.311 -0.460 -0.564 
7.614 , 7.662 7.692 7.566 7.665 
0.937 0.965 0.984 1.020 1.124 
-0.099 -0.518 -0.813 0.239 -0.247 
0.453 0.527 0.580 0.406 0.464 

0.331 ~ 0.220 0.196 ' 0.588 0,109 
1.067 ' 1.469 2.382 ' 0.734 0.981 
4.629 4.688 4.732 4.425 4.534 
4.385 4.200 3.754 4.502 4.405 

0.279 
1.024 
4.613 
4.403 

0.182 0.151 0.132 0.548 
1.173 1.670 , 3.393 0.973 
4.646 4.693 4.753 , 4.598 
4.337 4.100 ' 3.254 4.425 

t 1 0 - 5 ( ~ ~ . )  0.000 
AJXdq x lo3  0.000 

0.115 
-0.164 

0.296 0.645 0.999 0.000 
-0.564 -1.481 -2.566 0.000 

0.097 0.374 0.599 
-0.148 -0.771 -1.387 

?The onset of helium burning (Lg = Lja)  l ies  between Stages I and 5 of Case 1, and between Stages 3 and 4 of Cases  2 and 1'. 

$10 Case  2 this refers to  the external value. 



21 

central region. The onset of helium burning when L, = LJa) is found to occur when ( 
logTc = 8 .21 ,  logpc = 3.46 ,  logTe = 3.92  , 

t = 0 .68  x lo5 y r . ,  and - AlXdq = 0.00148 , (46) 

where t and A Xdq a r e  measured from the first stage of Case  1. This amount of hydrogen 
depletion corresponds to a change of q1 from 0.153 to 0.180 in Equation 32. The values in 
Equations 46 themselves a r e  computed from the results of Cases 1 and 2 by taking into ac- 
count the effect of hydrogen depletion. 

J 

The dependence of the foregoing results on the age-zero chemical composition is shown 
by the results of similar computations performed for a s ta r  of age-zero composition, 

which seems to represent the young population I s t a r s  more closely than our adopted com- 
position. Using, as before, A = 16 (Equations 19), Le., maintaining I.: M/M, = 4.468, we find 
the corresponding mass to  beM = 10.1 M,. 

tering alone and the shell source energy is negligible, the solutions for the hydrogen burn- 
ing phase (Reference 1) a r e  invariant for the homology transformations which keep the 
value for p: M and ~ ( 1  + x.)/M in Equations 19 constant. The explanation for this is that the 
basic equations depend on the composition only through 1 and j , and these a r e  related ap- 
proximately by j l o .  2 8 5  , so that 1 and i themselves are invariant functions of q for the 
above transformation. The invariance of 1 gives as a relation between the old and new hy- 
drogen contents, X(q) and X'(q) , respectively: 

As long as the opacity is due to  electron scat- 

- 
X(q' 

In the region where X' is small, 

1.496 - 1.206 
+ 0.596 - X'(q) + 0.596 

X' 9) = 3.96(q  - 0.189)  . (49 

The results of the computations with the new composition and with 9, = 0.189 a r e  given 
in Table 2 (Case 1') and illustrated in Figures 6 and 7. The onset of helium burning occurs 
at the point where 

logTc = 8.19 and logT, = 4.18  
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(cf. Equations 46). Figure 6 indicates that the point in the H-R diagram corresponding to 
the onset of helium burning is more sensitive to the age-zero composition than a r e  the 
points for the hydrogen burning phase. 

If 0.02 is used instead of 0.02/3 as the value for xCNO, the solutions in Table 2 vary as 
follows: Log TI and log Tc decrease by an amount 0.028, as derived from Equation 36, 
since L, and Lg do not change; log R h o  increases by the same amount; and log T~ decreases 
by 0.014. This relative change in log Te, which is due to the difference in composition, is 
more reliable than the values themselves in view of the inevitable uncertainties which a r e  
due to adopted assumptions. Figure 9 shows that a higher abundance of the CNO group leads 
to a lower surface temperature, and that a higher helium content leads to a higher surface 
temperature. 

8.4 

8.2 

8.0 

7.8 

I I I I I 1 1 I I 1 1 1 
4.4 4.2 4.0 3.8 3.6 3.4 

Q 

a 

LOG OF SURFACE TEMPERATURE Te 

Figure 9 - Variation of surface temperature with central temperature in  the gravitational contraction 
phase. 0.02. Branches (1)  and 
(2) of the solid a curve show the small difference between Cases 1 and 2 (Table 2), respectively. Table 2 
also gives the data for the dashed a curve. The points on the curves correspond to the onset of helium 
burning (L, = L 3 a ) .  

Curves marked a are for stars with XCNo = 0.02/3;  curves b for XcNo 

I 
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THE HELIUM BURNING PHASE 

After helium burning begins, the gravitational energy released becomes negligible and 
a convective core appears in the central region. The early stages of this phase were com- 
puted in Reference 2 under the simplifying assumption of constant mean molecular weight 
in the core. We will now reconsider and extend these computations up to the point where 
helium is almost completely consumed, taking into account the change of mean molecular 
weight which is due to the conversion of helium into carbon, and also the change of rate of 
helium burning which is due to a changing central temperature. Computations for this 
phase were actually completed prior to those of the previous phases. 

The stellar interior now consists of three regions (Figure 1): (1) a radiative envelope 
outside the hydrogen burning shell, which retains the composition 

x = 0.90 ( q  L 0.415) , 

= 3.25 q - 0,4488 (0.415 q > ql) ; 

(2) a radiative zone with uniform composition and constant L (  r ) between the shell and the 
convective core, 

and (3) a convective core with uniform composition, 

X = 0, Y = YE, and Z = 1 - Yc (qf  > q ?  0 )  . (53) 

The adopted expression for X ( q )  in Equation 51 differs only very slightly from that in Equa- 
tion 23, which, strictly speaking, would be preferred. The hydrogen content is assumed to 
change abruptly at the point q , .  This point will be discussed at the end of this section. 

The mass of the convective core, q,  , was found to increase monotonically (at least 
until Yc has decreased to a value as small  as 0.016). A retreating core ( a s  in hydrogen 
burning) leaves an  inhomogeneous radiative zone behind, whose composition as a function 
of q depends upon its evolutionary history; an advancing core does not introduce this 
complication. 

The envelope solutions were integrated with three input parameters, C ,  q l ,  and L,&, 
from the surface to the point where convective instability sets in, Le., where (n + 
and (n + l)conv, as defined in Equations 15, become equal. 

I 
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Solutions for the convective core are specified by one parameter, p,. For each stage, 
with i ts  given set  of values of q, and Yc, fitting of the envelope and core solutions was ac- 
complished by imposing the condition of continuity of U/p, V / p ,  and P at q, , to give a fam- 
ily of mathematical solutions specified by a single parameter c. 
L,, (Equation 45) and 

Then the formulas for 

determine the solution completely. The letter e in the subscript indicates the external 
side of the interface at the edge of the convective core. 

For the first  stage we assumed CL, = 0.195 and yC = 0.98. This value of q,is not much 
different from the value 0.180 found for the onset of helium burning ( L ~  = L,,) in the grav- 
itational contraction phase. Moreover, the depletion of hydrogen was found to be much 
faster than that of helium in the early stages of helium burning, so that no significant e r -  
ror is introduced by the adoption of these initial values for 9, and yC. We chose a ser ies  
of values of ql, in order to produce a time sequence of stages, and estimated the corre- 
sponding value of Yc in computing the first  iteration for each stage. A corrected value of 
Yc could then be computed from 

where E,, = 5.8 x 10” ergs/gm is the energy released by the conversion of one gram of 
helium into carbon. In practice, it was found that two iterations were sufficient before 
proceeding to the next stage. The results a r e  summarized in Table 3, the last three rows 
of which give the constants used in the expressions for E , ,  and L,, in Equations 6 and 45, 
respectively. Figure 6 shows the evolutionary track in the H-R diagram; Figure 7, the 
T c - p ,  curve; Figures 8 and 10, the distribution of the chemical composition; and Figure 2, 
the track in the C-M diagram. Parenthetically, we note the empirical result that L,, and 
L, a r e  extremely linear as  functions of yC throughout Stages 1-5 of Table 3. 

In the early stages, when L3& and q,  increase with time but Yc does not change ap- 
preciably, the core expands while the star contracts as a whole. As Yc becomes suffi- 
ciently small, Tc increases more rapidly than T,, thus keeping L,, nearly constant, since 
it is proportional to Yp . The presently used stellar model, with two energy sources, is 
sensitive to the value of Tc/Tl in such a way that an increase in this ratio gives r i se  to 
contraction of the core and rapid expansion of the envelope. 
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Table 3 

Evolutionary Stages of a Star of M = 15.6 M, 
in the Helium Burning Phase* 

(pz M/M, = 4.468) ' 

I 

Parameter 
1 

-2.826 
0.000 

0.105 
8.219 
3.201 
19.257 

0.980 
1.340 

0.080 
-2.884 
0.3 10 
0.453 
2.906 

0.066 
8.016 
2.814 
18.648 

0.195 
-2.498 
-0.848 
0.555 
3.927 

0.300 
7.674 
0.887 
16.622 

0.185 
1.024 

0.145 
3.882 
4.654 

4.722 
1.971 
3.959 

-7.201 
-6.82 
0.09 

-1.886 
25.80 
1.500 

2 

-2.813 
3.204 

0.146 
8.247 
3.146 
19.226 

0.762 
1.419 

0.107 
-2.592 
0.254 
0.490 
3.035 

0.093 
8.021 
2.664 
18.517 

0.232 
-2.235 
-0.873 
0.548 
3.934 

0.286 
7.657 
0.802 
16.574 

0.305 
0.887 

0.254 
4.140 
4.607 

4.735 
1.754 
4.070 

-7.233 
-6.38 
-0.05 

-0.049 
21.00 
1.800 

Values in Stages 1 through 7 
3 

-2.804 
5.901 

0.176 
8.273 
3.152 
19.248 

0.552 
1.504 

0.126 
-2.472 
0.201 
0.512 
3.123 

0.114 
8.027 
2.584 
18.453 

0.252 
-2.128 
-0.897 
0.544 
3.939 

0.283 
7.650 
0.756 
16.549 

0.371 
0.826 

0.351 
4.288 
4.556 

4.744 
1.666 
4.117 

-7.255 
-6.16 
-0.10 

-0.049 
21.00 
1.800 

4 

-2.797 
8.167 

0.203 
8.302 
3.189 
19.303 

0.353 
1.594 

0.141 
-2.432 
0.150 
0.525 
3.182 

0.130 
8.025 
2.514 
18.388 

0.265 
-2.091 
-0.920 
0.542 
3.942 

0.283 
7.645 
0.723 
16.530 

0.413 
0.792 

0.437 
4.391 
4.502 

4.751 
1.640 
4.132 

-7.274 
-6.09 
-0.14 

0.856 

2.000 
18.60 

-2.786 
10.155 

0.228 
8.350 
3.294 
19.444 

0.162 
1.692 

0.153 
-2.509 
0.096 
0.536 
3.257 

0.151 
8.067 
2.562 
18.490 

0.274 
-2.161 
-0.976 
0.549 
3.951 

0.287 
7.644 
0.699 
16.520 

0.443 
0.769 

0.516 
4.475 
4.447 

4.762 
1.704 
4.102 

-7.302 
-6.29 
-0.09 

1.745 

2.250 
16.20 

6 

-2.761 
11.340 

0.244 
8.442 
3.548 
19.781 

0.0392 
1.763 

0.160 
-3.004 
0.058 
0.544 
3.292 

0.162 
8.144 
2.756 
18.766 

0.279 
-2.630 
-1.127 
0.574 
3.970 

0.303 
7.656 
0.693 
16.543 

0.459 
0.758 

0.541 
4.520 
4.449 

4.787 
2.127 
3.897 

-7.364 
-7.20 
0.08 

2.897 

2.700 
13.00 

7 

-2.736 
11.543 

0.246 
8.501 
3.723 
20.014 

0.0164 
1.776 

0.161 
-3.744 
0.050 
0.546 
3.296 

0.164 
8.199 
2.919 
18.985 

0.280 
-3.353 
-1.244 
0.589 
3.978 

0.321 
7.668 
0.693 
16.567 

0.462 
0.756 

0.518 
4.526 
4.494 

4.812 
2.812 
3.561 

-7.425 
-6.23 
1.34 

3.761 

3.200 
10.50 

*Ia this phase we have adopted log La= 33.5932, corresponding to a value of the solar constant, Q = 2 gm-cal/cm'-min(see the section entitled "Definitions 
and Basic Equations," page 5). 

tAdditiooal constant quantities: Yfe  = Y l i  = 0.98; pfe = p,i = 1.340; qb = 0.415; nnd pe = 0.535. The letters i and e following 1, 2, ot f in a subscript 

indicate the internal at circrnal side of the interface. Tbc sobscript b is used to designate the lower boundary d the radiative zone with initial composition. 
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Figure 10- Distribution of the helium 
content Y during helium burning (cf. 
Figure 8), for a point i n  time just after 
Stage 1 of Table 3 (solid lines), and 
for Stage 7 (dashed lines). From point 
c toward higher q-values the curves 
are common. The points a and a' in- 
dicate the q-values for the boundary 
of the convective core; the segments 
b and b', the q-values of the hydrogen 
burning she1 I. 
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Let us  consider the point in the H-R diagram corresponding to Stage 1 of helium burn- 
ing. Reference 2 shows that, for the composition of Equations 47, with M = 10.1 M, this 
point is shifted horizontally by an amount A log Te 2 0.3; for the standard composition 
(Equation 1) at 1/10 of Salpeter's 3a-reaction rate, the shift in A log Te 2 -0.3. Since it 
was shown in Reference 2 that it is the ratio eH pja that is important in the present con- 
sideration, it follows that a shift to the right in the H-R diagram will also result  from an 
increase in the abundance of the CNO group. The tendencies deduced in regard to changes 
of the basic quantities of the gravitational contraction phase thus a r e  also true for the 
helium burning phase. 

In the computations for the helium burning phase, the hydrogen burning shell is as- 
sumed to be infinitely thin and there is assumed to be a discontinuity in x at the point 9,. 

Computations taking into account the finite width of the shell, in which x(  4) and L( r 1 vary 
continuously, will not be simple since x (q )  depends upon the evolutionary history. An ap- 
proximate computation for a finite shell has already been made by using the solution for 
the first stage as a first  approximation, with the shell defined as the region where 
Lc 5 L (  r 1 5 0 . 9  L, and under the assumption that 

L(r) - Lc _ -  xo - 0 . 9 L - L ,  

4 

where Xo is the hydrogen content at the outer edge of the shell. The result shows that the 
mass fraction in the shell is Aq = 0.025, and that the correction to  the first approximation 
is about 0.03 for log T ~ .  
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The energy generation expression (Equation 6) corresponds to the reaction 3a - C I 2 .  
As the concentration of carbon increases, the reactions C12(a ,y)016 and 0l6 (a,y)NeZ0 be- 
come appreciable.* Since the ranges of the central temperature and density a re  known 
from Table 3, the change of the relative abundances of helium, carbon, oxygen, and neon 
can be computed as indicated by Hayakawa, et al. (Reference 20). The total energy gener- 
ation and the rate  of consumption of helium a re  expressed approximately by 

E =  E g a  (1 + 0.1y-2) , 

and 

(57) 

The final abundance X, of carbon, when helium has been exhausted, is approximately 0.1. 

The numerical values in the preceding paragraph have an uncertainty factor of 3, be- 
cause of a large uncertainty in the reaction rates of C 1 2 ( a , y ) 0 1 6  and 0 l6(a ,y)NeZo.  The 
adoption of Equations 57 and 58 changes the results of Stages 6 and 7 in Table 3 in such a 
way that Tc becomes somewhat lower and Te higher, for the same values of Yc. 

THE CARBON AND NEON BURNING PHASES 

As helium is further consumed in the central region, the convective core continues to 
retreat .  After the complete exhaustion of helium, the inner regions begin to contract, he- 
lium burning begins in an outer shell, and the central temperature increases until the onset 
of carbon or neon burning. The time scale of this gravitational contraction of the core is 
S O  short that the depletion of hydrogen and helium in their respective shells is very small. 
Carbon burning follows gravitational contraction i f  the products of helium burning include 
an appreciable amount of C I 2 .  If, however, the final products a r e  mainly neon and oxygen, 
neon burning takes place. Since there is, at  the present time, some uncertainty in the rel-  
ative abundances of these final products, and it is known that phases of both carbon and 
neon burning occur, the two extreme cases will be considered here: pure carbon burning 
( Z C o r ,  = x, = 1) ; and pure neon burning (zc,,, = xNe = 1) . In each case the initial q-val- 
ues corresponding to the helium and hydrogen burning shells are taken as identical with the 
q-values for the hydrogen shell and the convective core boundary, respectively, of Stage 7 
of the helium burning phase. These values are q, = 0.280 and q, = 0.162. The envelope, 
which is taken to be the region exterior to q,, has the same composition here as in Stage 7 
of helium burning. The envelope solution is specified by the palameters C and L.&. 
core then consists of the central convective region (4, L q L 0) and the outer radiative 

The 

*But s e e  the remarks at the end of the next section, "The Carbon and Neon Burning Phases." 
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Table 4 
Structure of a Star of M = 15.6 M, at 

the Onsets of the Carbon and Neon 
Burning Phases 

(p: M/M, = 4.468) 

Parameter 

q1 

Log Ule 
Log VIe 

Carbon 
Burning 
x, = 1 

-2.63 

4.95 
10.0 

0.21 

8.83 

4.63 

0.46 
8.30 

2.57 

0.42 

7.07 
-1.3 

0.19 

0.81 

0.00 

0.105 

0.25 
0.56 

0.12 

0.161* 
-0.85 

0.45 

0.280* 

-1.63 

0.60 

Neon 
Burning 
XNe = 1 

~ 

-2.50 

5.07 
26.7 

0.18 

9.04 

4.57 

0.58 

8.36 

2.57 

0.55 

6.70 
- 2.6 

0.12 

0.88 
0.00 

0.114 

0.17 
0.69 
0.15 

0.161* 

-1.28 
0.43 

0.280* 
-2.01 

0.60 

(helium burning 

zone (q2 > q L qf )  , both of which a re  devoid of 
hydrogen and helium. Two parameters specify 
the core solutions: Lc0 e ,  the energy produc- 
tion due to carbon or neon burning in the cen- 
t r a l  region, and p,. 

The two solutions a r e  fitted at q, by im- 
posing the condition of continuity of U/p and V/p. 

The energy generation equations for L~~~~ and 
L,, a r e  expressed in forms similar to those of 
Equation 45 and 54, respectively, but with some 
changes because of the different dependence of 
E on the density (Appendix A). The three energy- 
generation equations for L,, (L - L, - L~ = e )  , 
L o r e )  and L,, together with the condition of the 
continuity of U/p and V/p, determine the four 
parameters of the envelope and core solutions 
and fix the scale of the radius. The results a r e  
shown in Table 4. The values at the onset of 
carbon burning in the Tc -pc diagram a re  pictured 
in Figure 4. 

For both carbon and neon burning the enve- 
lope is so tremendously extensive and the tem- 
perature in the hydrogen burning shell so  low, 
energy production in the shell is negligible. The 
huge stellar radius indicates the necessity (as 
anticipated) for introducing a surface convection 
zone. When this region is taken into account the 
radius becomes considerably less;? but the inner 
structure should remain essentially the same,t 
according to the inference to be drawn from the 
work of Hoyle and Schwarzschild (Reference 6) 
on the red-gaint branch of the globular clusters. 
It seems very probable that massive red super- 
giants a r e  in the carbon and neon burning or 
later phases of their evolutionary history. t 

tThis  expectation has been confirmed by recent computations, the 
results of which will be published later. 
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EVOLUTION BEYOND CARBON AND NEON BURNING 

After the completion of carbon and neon burning, heavier nuclei will be built up succes- 
sively by heavy-ion reactions, such as 0 I 6  + 0l6,, and by the capturing reactions of alpha 
particles, protons, and neutrons, which are produced by photodissociation. The build-up 
processes continue in the central region until the iron group is formed and the nuclear en- 
ergy exhausted. 

The lifetime of the star in carbon and neon burning and later phases is estimated as 
follows: According to the results of previous sections, the mass fraction of the iron core 
is, approximately, q = 0.15, and the energy generation, L,,,& = 1/3. The energy release 
per  gram of matter, E ,  which is due to the conversion of carbon into iron, is 10.3 x 10'' 
ergs/gm, of which 5.6 x lo1' ergs/gm a r e  liberated in carbon burning; that which is due to 
the conversion of neon into iron is 6.9 x 1017 ergs/gm, of which about 1.1 x 10 
a re  liberated in neon burning. If we take E = l o ' *  ergs/gm and L = 10' Lo, the stellar 
lifetime of a red supergiant is 

ergs/gm 

with an uncertainty factor of 3 at most. 

If we adopt the rate of mass ejection dM/dt = - 4 x M,/yr. derived for a Orionis 
( M  % 20M,) by Weymann (Reference 21), the mass fraction lost during 1.2 x l o 6  years is 
about 20 percent; however there is a large uncertainty factor in the ejection rate  at the 
present time. 

Gove, et al. (Reference 22) found the spin and parity of the 4.97-Mev level of NeZo 
to be 2 ;  this means that the reaction O"(a,y) Ne * O  in the helium burning phase may be 
neglected.* Eventually, neon will be formed as a product of C-C reaction and neon burning 
will take place after the carbon has been exhausted. 

The papers of Chiu and Morrison (Reference 23), Chiu and Stabler (Reference 24), and 
Chiu (Reference 25) also contain information about the later evolutionary phases. These 
reports evaluate the rate of energy loss, by neutrino emission, from annihilation of electron- 
positron pairs  (which are present at high temperature) and from the photo-neutrino effect, 
assuming the universal Fermi  interaction between electrons and neutrinos. Their results 
show that the energy loss  by neutrino emission may not be neglected in the carbon and neon 
burning and later evolutionary phases, i f  the above assumption on the universal Fermi  in- 
teraction holds. Neutrino effects will be considered in a future paper. 

'This r e s u l t  supersedes a n  e a r l i e r  a s s i g n m e n t ,  Z ?  
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DISCUSSION 

U-V Diagram 

The characteristic change of the stellar structure due to the exhaustion of successively 
heavier nuclear fuels in the center can easily be seen in the U-V diagram shown in Fig- 
u r e  11. As the inhomogeneity of the chemical composition increases, the U-V curve moves 
more and more to the left, except for the innermost region (log V <  approx. 0.3). The shift is 
particularly large in the region which forms a loop, that is, in the neighborhood of the shell 
energy sources, where the changes in the energy flux and the mean molecular weight a r e  
considerable. A large shift corresponds to a large change in the stellar radius for a given 
central temperature. 

LOG U 

Figure 1 1  - The U-V curves for a star of mass M = 15.6M, and f i  = 0.535. Letters on 
the curves refer to evolutionary phases as follows: E, hydrogen exhaustion (Table 1); 
G, gravitational contraction (Table 2); and H, helium burning (Table 3). Numbers refer 
to stages listed i n  these tables. Open circles indicate points corresponding to the hydro- 
gen burning shells; closed circles, points corresponding to the boundaries of the convective 
cores. 
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Lifetime of a Massive Star 

The time a s t a r  of mass M = 15.6 M, 
and pe = 0.535 spends in each of its evolu- 
tionary phases, from pre-main-sequence 
contraction to iron-core formation, is 
given in Table 5. The s ta r  spends ap- 
proximately 98 percent of i ts  helium 
burning lifetime in the early supergiant 
branch, before crossing the Hertzsprung 
gap. It is expected that the M-type super- 
giant branch consists of s t a r s  in the car- 
bon and neon burning and later evolution- 
a r y  phases. 

Comparison of Results with 
Observation 

Some preliminary comparisons have 
been made between the theoretical re- 
sults and observations of the double clus- 
te r  h and Persei  (NGC 869 and NGC 884). 
Although the c o n c l u  s i o n s  from these 
comparisons cannot be regarded as de- 
finitive in view of various uncertainties 
and the limited useful data at hand, it ap- 
pears  that the theoretical results a r e  in 
agreement with the observations. Before 
we give the details, however, a brief de- 
scription of h and Perse i  is in order. 

Table 5 
Time a Star of Mass  M = 15.6 M, Spends 

in Successive Evolutionary Phases 
(p: M/M, = 4.468) 

Evolutionary 
Phase 

Pre-main-sequence 
contraction . . . . . . . . .  

Hydrogen burning . . . . . . .  

Hydrogen exhaustion. . . . .  

Gravitational (core) 
contraction . . . . . . . . .  

Helium burning . . . . . . . .  

Gravitational (core) 
contraction . . . . . . . . .  

Carbon and neon burning 
and later phasest .  . . . .  

Total . . . . . . . . . . .  

-1 

156* 

1.4 

0.7 

11.6 

-0.5 

- 12 

183 

'Corrected value based on the coniputations of Reference 1. 

tThrough iron-core formation. 

The cluster centers (which a r e  separated by about 25' of arc) a r e  located approxi- 
mately in the galactic coordinates, I = 103 degrees, b = - 3 degrees at a distance of 2.3 
kiloparsecs (the t rue distance modulus is mo - M = 11.8 mag., where mo is the apparent 
magnitude corrected for  absorption, and M is the absolute magnitude). The mean visual 
apparent distance modulus is, roughly, m - M  = 13.5 mag.; it is well known however that 
the absorption is extremely patchy. 
comparable. 

The star densities in the two clusters are 

According to a study by Artyukhina and Kholopov (Reference 26), although the densi- 
t ies  a r e  very high in the nuclear regions of these clusters, they f a l l  off rapidly at angular 
distances greater than about 10' from the centers. The cluster nuclei a r e  surrounded by 
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an  extensive halo or association. Sharpless (Reference 27) established the membership of 
M-type supergiants as distant as 7" of arc.  There is evidence of asymmetry of distribution 
and of local condensation in both the halo and the nuclei. 

The computed evolutionary track of a star of 15.6 solar masses is compared, in Fig- 
u r e  2, with the C-M diagram of some of the brightest s t a r s  of h and ~Persei, based on the 
observations of Johnson and Morgan (Reference 28). The early main-sequence stars were 
reduced by means of the nomogram of Johnson (Reference 29, Figure 4) and the early super- 
giants were reduced by adopting the mean intrinsic colors of Johnson's Table 111. The theo- 
retical  values of Te and M~~~ were converted to B - V  and Mv by means of Table 1 in Refer- 
ence 30, by taking B - V and the bolometric correction to be functions of Te. Stars plotted 
in Figure 2 represent, in general, only a sampling; however, certain regions of this dia- 
gram a r e  known to be essentially complete: the early and late supergiant branches of the 
nuclei (including stars within 23' of a r c  of either nucleus) and the late supergiant branch of 
the outer association (including stars out to an angular distance of 4"), except for three 
M-type supergiant cluster members identified by Sharpless (Reference 27) which were 
not plotted because of imprecise data on absorption. 

In the C-M diagram of h and Perse i  there is some indication of a gap, in both coor- 
dinates, between the uppermost main-sequence s t a r s  (burning hydrogen) and the s t a r s  of 
the early supergiant branch (burning helium), as the theoretical evolutionary track would 
lead us to expect. The gap is shown quite clearly in the C-Mdiagrams of the so-called 
"blue globular clusters",* NGC 330 and NGC 458, in the Small Magellanic Cloud (Refer- 
ences 11 and 12). 

For  a group of s t a r s  born at  the same time it is clear that little scatter is expected to 
appear in the magnitudes of the s t a r s  populating the supergiant branch. Furthermore it is 
suspected that in h and Persei  the s t a r s  of the highly condensed nuclei most nearly 
fulfill this condition. As we consider s t a r s  of greater angular distance we encounter the 
possibility of multiple condensations with, perhaps, initial mass distributions which a re  
not identical. In such a case we would expect a greater dispersion in the magnitudes of 
the s t a r s  of the early supergiant branch and a smaller separation of these s t a r s  from the 
upper main sequence. A comparison of the C-M diagrams of nuclear and outer s t a r s  (see 
Figure 2) gives some indication of such an  effect. 

The observed relative numbers of s t a r s  in h and x Persei  in the three regions, upper 
main sequence, early supergiant branch, and late supergiant branch, a r e  not inconsistent 
with the corresponding t imes given in Table 5. Since the observational data of Figure 2 
are largely incomplete, Table 6-based primarily on the data of Oosterhoff (Reference 31) - 
giving the separate luminosity functions of h and x Persei for stars within 10' of a r c  of the 

- ~- 
*The kinship of these objects with the open clusters rather than the globular clusters of our galaxy has been established. 
In fact NGC 330 resembles h and 
of the early supergiants and the brightest main-sequence stars (Reference 12). 

Persei closely in regard to the true diameter of the cluster and the absolute magnitude 
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cluster centers, was prepared. For  both 
clusters the procedure followed in this 
paper is the same as that adopted by 
Sandage (Reference 32), in his determina- 
tion of the luminosity function of h Persi, 
except for two minor differences: (1) we 
used our reductions of the UBV observa- 
tions of Johnson and Morgan when available 
(12 stars),  instead of using mean absorp- 
tion; and (2) we used Oosterhoff's geomet- 
r ical  center for h Perse i  (star number 922) 
instead of BD + 56 "522, originally adopted 
by van Maanen (Reference 33). The cen- 
t e r  adopted for Persei  was s ta r  num- 
ber  2235 (Reference 31). Cluster non- 
members were rejected on the basis of 
van Maanen's proper-motion studies in 
the case of h Persei;  and on the basis of 
color, for five low-luminosity s t a r s  in 
the region of x Persei.  

Let us assume that the s t a r s  of h and 
x P e r s e i  were born at the same time. 
Consider an upper main-sequence star of 
mass m, whose mean luminosity during 
i ts  hydrogen burning lifetime, tH, o ,  is 
< Lo> corresponding to magnitude < Mv., >. 

Table 6 
Observed Luminosity Functions for 

h and ~ P e r s e i  
(Limiting Radius: 10' of Arc from 

Respective Centers) 

Absolute Visual 
Magnitude 

-7.50 to -7.01 

-7.00 to -6.51 

-6.50 to -6.01 

-6.00 to -5.51 

-5.50 to -5.01 

-5.00 to -4.51 

-4.50 to -4.01 

-4.00 to  -3.51 

-3.50 to -3.01 

-3.00 to -2.51 

Observed Numbers 

h Persei 
- 

2* 

0 

0 

0 

1 

2 

8 

9 

6 

15 

Persei  

1* 

1* 

0 

0 

3t 

2 

11 

5 

1 

11 

*Stars in the helium burning phase. 
?Includes two M-type supergiants (carbon and neon burn- 

ing a later phases). 

Now assume that for  all upper main-sequence stars, t -R/< L >, < L > - m3, and, for  
simplicity, that the helium burning lifetime is constant at 11.6 x 10' years. 

A simple computation shows that a slightly more massive s ta r  of magnitude 

< M.,, 
have completed both hydrogen and helium burning during the time interval tH, ,. 

> = < M, , o  > -Ah!, where Ahl = 0.4343 x 1.5 x 2.5 x 11.6/156 = 0.12 magnitude, will 

The conclusion to be drawn f rom the foregoing computation is that the number of s t a r s  
per  0.12 magnitude at the "knee" (absolute visual magnitude, MV 2 -4.50, Table 6) of the 
upper main-sequence luminosity function should be approximately equal to the observed 
number of supergiants in the helium burning phase.* The "knee" occurs where expected 

-~ 
*Note that although some of the early-type stars in the range - 5.50 5 M 5 -4.01 are known to be in luminosity 
class I, the C-M diagram shows that these stars are still in the hydrogen burningphase. 
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on the basis of computations for  a s t a r  of 
I = 15.6 m,, i.e., about 3magnitudesfainter 
than the helium burning supergiants. 

By considering the d i s p  e r s i o n  in 
magnitude of the helium burning s ta rs ,  we 
can determine the required density of 
s t a r s  over a range of one magnitude at 
the "knee." The results a r e  1.9 s t a r s  in 
h Persei  and 2.0 s t a r s  in x Persei  per  
0.12 magnitude. If slightly more or less  
smoothing of the luminosity function is 
performed in the computation, the result 
is nearly the same, viz., a prediction of 
two helium burning supergiants for each 
c l u s t e r ,  which c o r r e s p o n d s  with 
observations. 

Since M-type supergiants a r e  ex- 
pected to be in phases from carbon and 
neon burning to iron-core f o r m a t  i o  n 
(supernova explosion), Table 5 shows that 
roughly equal numbers of s t a r s  should 
populate the early and late supergiant 
branches of clusters, where the s t a r s  
considered have masses of about 15 M, 
and ages > about 15 million years. In 
view of all the uncertainties involved, 
Table 7 would indicate that the ratio is 
really not markedly different f rom 1: 1. 

Comparison with the Evolution 
o f  Less Massive Stars 

Table 7 
Approximate Numbers of Stars in the 

Persei  
and NGC 330 

Supergiant Branches of h and 

Cluster 

h and ~ P e r s e i :  

(r  < lo')* . . . . . .  
(r < 23')'t . . . . . .  
(r < 1rO) . . . . . . .  
(r  < 1 : 5 ) .  . . . . . .  
(r < 2f0) . . . . . . .  
(r  <2") . . . . . . .  

NGC 33011 . . . . . . .  

Early 
Super- 
giants 

4 

6 

9 t  

14t 

19t 

19t 

10 

Late 
Super- 
giants 

~~~ 

2 

6 

9 

11 

12 

13 d 

15 

* Data from Table 6 .  

tData from Figure 2. 

$ hfinimum numbers, but fairly complete, especially for the 
lower limiting radii. Counts given are numbers of stars 
(to be found in the "Henry Draper Catalog") observed by 
Johnson and Morgan (Reference 28 ,  Table 2 )  and Johnson 
and Hiltner (Reference 3 4 ,  Table 7) .  

§Minimum number. The maximum number is 18, based on 
the results of the Case Institute surveys (see literature 
cited by Sharpless in Reference 27) .  

1 1  Data from the C-M diagram by Arp (Reference 12) .  He 
states that almost all of the stars observed by him are 
cluster members and that the observations are essen-  
tially complete. 

There is an essential difference between the massive s ta rs  studied here and less  mas- 
sive s tars ,  in regard to the evolutionary stage at which electron degeneracy sets  in. Fig- 
ure  7 shows that in the massive s t a r s  there is an approximate proportionality between p, 

and ~ , 3  , and that electron degeneracy does not appear, at least up to the carbon burning 
stage. On the contrary, for s t a r s  of b! < about 4 hl,, electron degeneracy is expected to be- 
gin in the hydrogen exhaustion or core contraction phase, before the onset of helium burn- 
ing. The red giant branch of galactic clusters less  luminous than M41 a r e  burning hydrogen 
in a shell, as in the case of M67 (Reference 4); but the red supergiant branches of 
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h and 
advanced than helium burning. 

Persei and NGC 330, for example, will be explained by evolutionary phases more 

ACKNOWLEDGMENTS 

J 

I 
The authors are grateful to  Drs. R. Jastrow and J. A. O'Keefe for  their encouragement, 

and to Mr. W. F. Cahill and Mr. D. Sumida for  the programming and arrangement of the 
IBM 704 and 7090 computations. 

REFERENCES 

1. Sakashita, S.,  Ono, Y., and Hayashi, C., "The Evolution of Massive Stars. I," Prog. 
Theoret. Phys. 21(2):315-323, February 1959 

2. Hayashi, C., Jugaku, J., and Nishida, M., "Evolution of Massive Stars,  11. Helium- 
Burning Stage," Prog. Theoret. Phys. 22(4): 531- 543, October 1959 

3. Burbidge, E. M., Burbidge, G. R., Fowler, W. A., and Hoyle, F., "Synthesis of the 
Elements in Stars," Rev. Modern Phys. 29(4): 547-650, October 1957 

4.  Hoyle, F., and Schwarzschild, M., "On the Evolution of Type II Stars," Astrophys. J .  
SuppZ. Ser. 2(13):1-40, June 1955 

5. Tayler, R. J., "Evolution of Massive Stars," Astrophys. J. 120(2):332-341, September 
1954 

6.  Kushwaha, R. S.,  "The Evolution of Early Main-Sequence Stars," Astrophys. J .  
125( 1): 242-259, January 19 57 

7. Blackler, J. M., "Models for Main Sequence Stars," Mon. Not, Roy. Astronom. SOC. 
118(1):37-44, 1958 

8.  Schwarzschild, M., and Harm, R., "Evolution of Very Massive Stars," Astrophys. J .  
128(2):348-360, September 1958 

9 .  Henyey, L. G., LeLevier, R., and Levee, R. D., "Evolution of Main-Sequence Stars," 
Astronom. J .  129(1):2-19, January 1959 

10. Hoyle, F., "On the Main-Sequence Band and the Hertzsprung Gap," Mon. Not. Roy. 
Astronom. SOC. 120(1):22-32, 1960 

11. Arp, H., 'Bouthern Hemisphere Photometry VI, The Color-Magnitude Diagram of 
NGC 458 and the Adjoining Region of the Small Magellanic Cloud," Astronom. J. 
64( 5): 175-182, June 1959 



36 

12. Arp, H., "Southern Hemisphere Photometry VII; The Color-Magnitude Diagram of 
NGC 330 and the Adjoining Region of the Small Magellanic Cloud,'' Astyononz. J .  
64(7): 2 54- 258, September 1959 

13. Chandrasekhar, S., "An Introduction to the Study of Stellar Structure," New York: 
Dover, 1957 

14. Fowler, W. A., "Experimental and Theoretical Results on Nuclear Reactions in  Stars. 
11," Menl.  Soc. Roy. Sciences de  Liege, cinquicme sgrie, 3:207-223, 1960 

15. Salpeter, E. E., "Nuclear Reactions in Stars. Buildup from Helium," Phys. Rev. 
107(2): 516-525, July 15, 1957 

16. Hayashi, C., Nishida, M., Ohyama, N., and Tsuda, H., "Stellar Synthesis of the 
a-Particle Nuclei Heavier than NeZo ," Pvog. Tlzeovet. Phys. 22(1):101-127, July 1959 

17. Reeves, H., and Salpeter, E. E., "Nuclear Reactions in Stars. IV. Buildup from Car- 
bon," Phys.Rev. 116(6):1505-1516, December 15, 1959 

18. Sandage, A. R., and Schwarzschild, M., "Inhomogeneous Stellar Models. 11. Models 
with Exhausted Cores in Gravitational Contraction,'' Astvophys. J .  116(3):463-476, 
November 1952 

19. Harm, R., and Schwarzschild, M., "Numerical Integrations for the Stellar Interior," 
Astvophys. J . ,  SuppZ. Sev. 1(10):319-430, March 1955 

20. Hayakawa, S., Hayashi, C., Imoto, M., and Kikuchi, K., "Helium Capturing Reactions 
in  Stars," Pvog. Tlzeovet. Plzys. 16(5):507-527, November 1956 

21. Weymann, R., "I. Physical Conditions in the Circumstellar Envelope of a-Orionis and 
11. Comments onMass Ejection Mechanisms in Red Giants," Mt. Wilson and Palomar 
Observatories Spec. Tech. Rept. No. 4, Carnegie Institution of Wash., Calif. Inst. 
Tech., Pasadena, Calif., Contract AF 49(638)-21, 1961 

22. Gove, H. E., Litherland, A. E., and Clark, M. A., "Production of Neon in Stars," 
Nature 191(4796):1381-1382, September 30, 1961 

23. Chiu, H.-Y., and Morrison, P., "Neutrino Emission from Black-Body Radiation at 
High Stellar Temperatures," Phys. Rev. Lettevs 5(12): 573-575, December 5, 1960 

24. Chiu, H.-Y., and Stabler, R. C., "Emission of Photoneutrinos and Pair Annihilation 
Neutrinos from Stars," Phys. Rev. 122(4):1317-1322, May 15, 1961 

25. Chiu, H.-Y., "Annihilation Process of Neutrino Production in Stars," Phys. Rev. Let- 
tevs 6(11):660, June 1, 1961 



37 

26. Artyukhina, N. M., and Kholopov, P. N., "Distribution of Stars in the Region of the 
Double Stellar Cluster h and x Persei," Soviet Astvonomy, AJ 3(6):923-936, May-June 
1960 

27. Sharpless, S., "The Distribution of M-Type Supergiants: I. Red Supergiants Near h 
and 
August 1958 

Persei and 30 Doradus," PubLAstvonom. SOC. Pacific 70(415):392-398, 

28. Johnson, H. L., and Morgan, W. W., "Photometric and Spectroscopic Observations of 
the Double Cluster in Perseus," Astropkys. J. 122(3):429-433, November 1955 

29. Johnson, H. L., "Intrinsic Colors of Early Type Stars," LoweZZ Obs. BUZZ. 4(2):37-46, 
August 1958 

30. Arp, H. C., "The Hertzsprung-Russell Diagram," in: "Handbuch der  Physik," S. Flugge, 
ed., 51:75-133, Berlin: Springer-Verlag, 1958 

31. Oosterhoff, P. T., "A Study of the Double Cluster in Perseus, Based on Photographic 
Magnitudes and Effective Wavelengths Derived from Plates Taken by E. Hertzsprung 
at the Potsdam and Mount Wilson Observatories," in: Annalen van de Sterrewacht te 
Leiden 17, Part 1, 1937 (entire volume by author) 

32. Sandage, A., "Observational Approach to Evolution. I. Luminosity Functions," Astvo- 
phys. J .  125(2):422-434, March 1957 

33. van Maanen, A . ,  "Investigation on Proper Motion. XXIII. The Proper Motion of the 
Cluster h Persei," Astvoplzys. J .  100(1):31-54, July 1944 

34. Johnson, H. L., and Hiltner, W. A., "Observational Confirmation of a Theory of Stellar 
Evolution, I t  Astvoplzy s. J .  123 (2) : 2 67- 277, March 19 56 





I 

Appendix A 

Energy Generation Equations for the  Carbon and Neon Burning Phases 

Carbon and Neon Burning Near the Stellar Center 

In general the rate  of energy generation per  gram may be expressed as 

where 

E = E o P " T d  , 

where a = 1 (carbon burning) and u = 0 (neon burning). 

Equations 10 and 11 of the text give the values of e o  and S: . 

e o  = 1.0 x 107 x,2 , s = 33 .3  (carbon burning); (A21 

e o  = 6.0 x lo3 X,,, s = 6 5 . 2  (neonburning). (A31 

For the cases considered Xc = 1.0  and se = 1.0.  The overall rate of energy generation is 

7 
Further computation shows that the above integral may be represented as 

39 



40 

where 

8 - 68, - - 
32 - 248, - 382 ’ 

and 

24 - 218, 

= 32 - 2 4 k  - 3p: * 

Further reduction and substitution give the energy generation equation sought for the cases 
under consideration: 

where 

n - -  
Nc - c 

- - Y1 2 1 + 4 y c  + 8yc) * 

Helium Burning in a She 11 

From Equation 6 of the text together with dL( r )/dr = 4.rrr2pe and the approximations 
made by Hoyle and Schwarzschild*, the energy generation which is due to helium burning 
in a shell is found to be 

‘Hoyle, F., and Schwarzschild, M., “On the Evolution of Type I1 Stars,” Astrophys.  I . ,  Suppl.  Series 2(13):8, June 1955. 
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